Excitation frequencies of ions confined in a quadrupole field with quadrupole excitation  by Sudakov, M. et al.
Excitation Frequencies of Ions Confined in a
Quadrupole Field With Quadrupole Excitation
M. Sudakov and N. Konenkov
Ryazan State Pedagogical University, Ryazan, Russia
D. J. Douglas
Department of Chemistry, University of British Columbia, Vancouver, British Columbia, Canada
T. Glebova
Ryazan State Pedagogical University, Ryazan, Russia
Resonant quadrupole excitation of ions confined in a radio frequency quadrupole field with
angular frequency V by an excitation signal with angular frequency v has been investigated
theoretically. It is shown that the spectrum of excitation frequencies has considerable structure
which corresponds to different orders of excitation. The resonance condition for orders K 5
1,2,3, . . . in the general case has been obtained as vn
(K) 5 (V/K) un 1 bu, 2‘ , n , ‘, where
K is the order of the resonance and b and n determine the unperturbed oscillation frequencies.
Resonance curves for ion oscillations with different stability parameters b 5 0.1, 0.5, and 0.9
have been constructed by means of direct numerical solution of the equations of motion. The
trajectories of ion motion under resonant excitation of different orders have been investigated.
For orders K of two and higher, the ion motion shows a beat character with an overall increase
of amplitude with time. The stability diagram for ion motion in a mass filter in the presence
of quadrupole excitation has been constructed. (J Am Soc Mass Spectrom 2000, 11,
10–18) © 2000 American Society for Mass Spectrometry
Ion motion in a periodic quadrupole field has adiscrete spectrum of frequencies, which are notsimple harmonics of the fundamental or lowest
frequency. Excitation at these frequencies allows the use
of various methods of resonance to control ion motion.
Resonant absorption of energy from a supplementary
generator was originally used by Paul, Fischer, and
others [1] as a method of ion detection in a three-
dimensional ion trap. With the development of quad-
rupole and ion trap mass spectrometry, resonant exci-
tation of ion oscillations has come into widespread use
for purposes such as ejecting unwanted ions, promoting
endothermic reactions of trapped ions, and also for
mass-selective scanning in the three-dimensional ion
trap [2].
For resonant excitation of ions, an additional excita-
tion voltage of angular frequency v is added to the basic
radio frequency (rf) quadrupole field of angular fre-
quency V. The amplitude V9 of the excitation voltage is
several orders of magnitude less than the amplitude V
of the rf voltage which confines ions. It is necessary to
distinguish between dipole and quadrupole excitation.
In the first case the electric potential of the excitation
field is directly proportional to the coordinates, and the
electric field magnitude does not depend on coordi-
nates. In the theory of vibrations this corresponds to the
classic forced harmonic oscillator [3]. Resonance occurs
when the frequency, v, of the applied force coincides
with one of the free oscillation frequencies of ions, vm,
which are determined by the expression
v 5 vm 5 ~m 1 0.5b! z V, m 5 0, 61, 62, . . . (1)
where b is a dimensionless parameter. The width of a
resonance is partially determined by a damping con-
stant, which results from collisions between ions and
buffer gas molecules.
An auxiliary quadrupole field can also be used to
excite ion motion. In this case the magnitude of the
electric field is linearly proportional to the coordinates
and is periodic in time. In the theory of vibrations [3]
this corresponds to parametric action. In this case
parametric resonance is possible under the condition
T 5 0.5 KT0, K 5 1,2,3, . . . , where T 5 2p/v is the
period of the applied field and T0 5 2p/v0 is the
period of free oscillations. An analogy to quantum
oscillators allows a simple method to view the paramet-
ric excitation. For a harmonic oscillator of frequency v0,
the quadrupole excitation condition is Kv 5 2v0 5
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v0 1 v0. This equation reflects energy conservation in
the process of parametric excitation: several quanta of
the excitation field Kv are absorbed, resulting in exci-
tation of two quanta of the fundamental vibration v0. In
the case of ion vibrations in a quadrupole field, there
are many frequencies of free oscillation, given by eq 1.
In this case we get from the analogy, using the frequen-
cies of free oscillations of eq 1, that the resonance
condition is:
Kv 5 vm1 1 vm2 5 V z ~m1 1 m2 1 b! (2)
First order perturbation theory of quadrupole exci-
tation [4] gives for the frequencies of resonance
v 5 V z um 1 bu (3)
Comparison of these equations shows that eq 2 contains
the frequencies given by eq 3 when K 5 1. According
to eq 2 one can expect resonances at additional frequen-
cies when K . 1. The result is that the spectrum of
resonant frequencies of quadrupole excitation of ion
oscillations can be complex with considerable structure.
In this article we derive the frequencies of quadru-
pole resonance for higher orders of perturbation theory.
The frequencies are derived for the linear rf quadru-
pole, but the same frequencies apply to the Paul trap
provided the correct b parameters are used for motion
in the r and z directions. We show that the frequencies
of resonant quadrupole excitation are given by
vn
~K! 5
V
K
un 1 bu n 5 0, 61, 62, . . . ,
K 5 1,2,3, . . . (4)
where K is the order of the perturbation theory. This is
confirmed by direct numerical simulation of ion trajec-
tories. The characteristics of ion motion with excitation
at higher orders are shown. The lines of quadrupole
resonance are also calculated for the first stability
region.
Feed Circuit and Equations of Motion
Resonant excitation in a Paul trap [2] is realized in
practice by the application of an additional voltage at
frequency v to the end-cap electrodes. In the case of
dipole excitation this “tickle” voltage is applied to the
end-cap electrodes with opposite phases, and for quad-
rupole excitation it is applied with the same phase. In
the case of monopole feed the excitation voltage is
applied to only one of the end-cap electrodes and the
trapping rf voltage is applied to a ring electrode. These
names for the electric circuit connections also describe
the spatial variation of electric field within the trap. In
the case of a linear quadrupole, quadrupole excitation is
the easiest to apply (Figure 1) because dipole excitation
requires breaking the connection between one of the
pole pairs (see, for example, [5]).
In the presence of quadrupole excitation, the electric
potential in a linear quadrupole, F(x, y), is indepen-
dent of z and varies according to
F~ x, y! 5 @U 2 V z cos~Vt! 2 V9 z cos~vt 1 a!#
z
x2 2 y2
r0
2 (5)
Here U and V are the dc and rf voltages from pole to
ground of the trapping potential with rf angular fre-
quency V; V9, v, and a are the amplitude, angular
frequency, and phase of the excitation voltage, and r0 is
the distance from the center of the quadrupole to an
electrode (the “field radius”). The amplitudes of the rf
voltages V and V9 are from zero to peak. The equations
of motion for positive ions with charge e and mass mion
are
mion
d2x
dt2
1
2e
r0
2 z ~U 2 V z cos~Vt!! z x
5
2e
r0
2 V9 cos~vt 1 a! z x
mion
d2y
dt2
2
2e
r0
2 z ~U 2 V z cos~Vt!! z y (6)
5 2
2e
r0
2 V9 cos~vt 1 a! z y
mion
d2z
dt2
5 0
Motion in the z direction is free. For a mass filter of
length Lz there is a finite number of rf cycles in the field
Figure 1. Circuit of a mass-filter electrode system with quadru-
pole excitation. An additional signal with frequency v is applied
in opposite phase to the two pairs of rods. The main trapping
voltage 1 (U 2 V cos Vt) is applied between the x poles and
ground and 2(U 2 V cos Vt) is applied between the y poles and
ground. An excitation voltage 1 (V9 cos vt 1 a) is applied
between the y poles and ground and 2(V9 cos vt 1 a) between
the x poles and ground.
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and this number is determined by the initial velocity of
the ion nz(0) and the trapping rf frequency V. Thus we
can consider equations of motion in the x and y
directions with a finite time scale 0 , t , T z Lz where
Lz is the mass filter length measured in number of rf
periods and T is the period of one cycle of the trapping
rf. Introducing the dimensionless parameters
j 5
Vt
2
; a 5
8eU
mionV
2r0
2 ; q 5
4eV
mionV
2r0
2;
q95
4eV9
mionV
2r0
2 ; n 5
v
V
(7)
the equations of motion become
d2x
dj2
1 ~a 2 2q cos 2j! z x 5 2q9 cos~2nj 1 a! z x
(8)
d2y
dj2
2 ~a 2 2q cos 2j! z y 5 22q9 cos~2nj 1 a! z y
The parameter q9 is dimensionless, but for a given ratio
mion/e and given V and r0, it is a measure of the
excitation amplitude V9. Here we confine ourselves to
the first equation of system 8, since ion motions in the x
and y directions are independent. It is necessary to note
that, except for the case of rf-only operation where a 5
0, ion motions in the x and y dimensions have different
stability parameters bx 5 b(a, q) and by 5 b(2a, 2q).
However, for rf-only operation, bx 5 by. Here we
consider the equation of motion for the x direction
d2x
dj2
1 ~a 2 2q cos 2j! z x 5 2q9 cos~2nj 1 a! z x (9)
When q9 has small values the right side of eq 9 is small
in comparison with the left side, and one can analyze its
influence by perturbation theory. This was done in [4]
where the resonance condition of eq 3 was obtained.
The mechanism of resonance is the following. From
Mathieu equation theory it is known that, in the absence
of auxiliary excitation (q9 5 0), oscillations described
by eq 9 have the discrete frequency spectrum of eq 1, or
vm 5 (2m 6 b)V/2, m 5 0,1,2, . . . . Consider the
right part of eq 9 as an external driving force; it
produces a discreet spectrum consisting of free vibra-
tion frequencies with the sum and difference of the
auxiliary excitation at frequency 2n:
~2k 6 b 6 2n!V/ 2, k 5 0,1,2, . . . (10)
The left part of eq 9 has resonances at the fundamental
frequencies (2n 6 b)V/2. Equating these with the fre-
quencies of eq 10 gives the resonance conditions
n~1! 5 un 2 ku (11a)
n~1! 5 un 2 k 6 bu (11b)
The first condition, eq 11a, does not lead to a resonance.
In this case the frequency of the perturbation in eq 9 is
a multiple of the trapping rf frequency. The influence of
such perturbations is analogous to a modification of the
a and q parameters (this may lead to unstable motion if
b lies near boundaries of stable region). The second
condition (eq 11b) gives us the condition of quadrupole
resonance of eq 3 in the first order of perturbation
theory. In this case an unlimited increase of vibration
amplitude occurs, as a result of resonant absorption of
auxiliary excitation energy.
Let us consider the second order of perturbation
theory. In this case it is necessary to take into account
the modified frequency spectrum from first order the-
ory. In addition to the free oscillations with frequencies
(2m 6 b)V/2 the solution contains forced vibrations
with frequencies given by the first order theory of eq 10.
These frequencies beat with the excitation frequency
2nV/2 to give new frequencies
~2k 6 b 6 4n!V/ 2, k 5 0,1,2, . . . (12)
This is shown in the Appendix. Resonance is possible
when one of these new frequencies coincides with one
of the free oscillation frequencies (2m 6 b)V/2. This
results in the second order resonance conditions
nn
~2! 5
1
2
z un 2 ku (13a)
nn
~2! 5
1
2
z un 2 k 6 bu (13b)
The first of these conditions, like 11a, does not lead to
resonant absorption of auxiliary excitation energy. It
results in vibration spectrum modifications which can
be described by new a, q parameters. Condition 13b is
the condition of the second order quadrupole reso-
nance. Note that some of the resonant frequencies with
even values of n 2 k coincide with the frequencies of
dipole resonant excitation. So when second order the-
ory is considered, resonant absorption of an excitation
signal may occur at the fundamental frequencies of free
oscillations even with quadrupole excitation.
With analogous considerations for higher orders of
perturbation theory (Appendix), we find the resonance
conditions of any order K to be
nn
~K! 5
1
K
z un 1 bu
or
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vn
~K! 5
V
K
z un 1 bu, n 5 0, 61, 62, . . . (14)
where K 5 1,2,3, . . . is the order of the resonance.
Equation 14 describes the full spectrum of excitation
frequencies possible with quadrupole excitation.
Numerical Calculations of Ion
Trajectories
Equation 14 predicts only frequencies and not the
“strength” of a resonance. The rate of growth of an
oscillation amplitude depends on many other parame-
ters including the excitation parameter q9, the frequen-
cies of free oscillation, the initial phase of the tickle
voltage, and the initial position and velocity of an ion.
In order to determine which resonances might be
observed experimentally, we have undertaken a math-
ematical simulation of a mass filter operating in the
presence of quadrupole excitation. The operating point
was chosen on the line a 5 0, which corresponds to
rf-only operation. Under these conditions oscillations in
the x and y directions are similar because they have the
same b parameters, i.e., bx 5 by. The equation of
motion for only one coordinate needs to be solved. The
simulation consists of multiple solutions of eq 9 over a
given time interval, with fixed parameter q9 and fre-
quency v of the excitation voltage. Phases of the trap-
ping rf and auxiliary voltages were given random
values. Initial coordinates x0 were randomly distributed
inside the input aperture of diameter Di, with ux0u ,
0.5Di. An ion is considered to be lost if its coordinate
exceeds x/r0 5 1 during the computation. The dimen-
sions of the input diaphragm Di were chosen so that in
the absence of perturbations, 100% of the ions were
transmitted. Thus the structure on the calculated curve
of transmission versus auxiliary frequency (“the reso-
nance curve”) is due to the effects of the quadrupole
excitation only.
The results of resonance curve computations for
oscillations with the parameter b 5 0.10 are shown in
Figure 2. Figure 2A shows the result of scanning in the
low frequency region, 0 , n , 0.25, when the excitation
parameter q9 is small, q9 5 0.002. The consecutive
series of dips in the direction of decreasing frequency
correspond to quadrupole resonance excitation of the
fundamental frequency of oscillation at various orders
with frequencies n0
(K) 5 b/K 5 0.1/K. The width and
intensity of resonances decrease with increasing order.
Figure 2B shows results of scanning over a wider region
0 , n , 2 with b 5 0.1 and with the parameter q9
increased to q9 5 0.025. The resonances at low fre-
quencies are superimposed. Additional structure of the
resonances is observed near the frequency n 5 1. The
n1
(2) and n21
(2) resonances can be seen at n 5 0.55 and 0.45,
respectively, and also a pair of narrower second order
resonances near the frequency n62
(2) 5 1 6 b/2 can be
seen at n 5 0.95 and 1.05. In this case resonance is not
observed at frequencies higher than n 5 1.25. Figure 2C
shows the region of frequencies close to n 5 1 in more
detail (q9 5 0.025). In the direction of increasing fre-
quency resonances up to fourth order are observed at
n2K
(K) 5 1 2 b/K as n22
(2) at n 5 0.95, n23
(3) at n 5 0.97,
and n24
(4) at n 5 0.98. Similarly, resonances for n1
(1), n2
(2),
and n3
(3) can be seen at n 5 1.1, 1.05, and 1.03, respec-
tively.
A similar picture of the resonances is observed for
oscillations with b 5 0.9 (Figure 3A). The low frequen-
cies of the resonances are the same as in the preceding
case, because for n 5 21, v21 5 u1 2 bu 5 0.1. Thus
the low frequency resonances correspond to n21
(K). The
major resonances at n 5 0.9 and 1.1 can be identified as
n0
(1) and n22
(1) , respectively. The resonance at n 5 0.95 is
n1
(2) and the resonance at n 5 1.05 is n23
(2) . Finally the
resonance at n 5 1.9 can be identified as n1
(1). Consider-
able structure is evident in the low frequency region
and also close to frequency n 5 1 when the parameter
of the excitation is q9 5 0.0025. While the second order
resonances n1
(2) and n23
(2) appear near n 5 1, the reso-
Figure 2. Transmission of a mass filter versus excitation fre-
quency (results of simulation). The working point a 5 0, q 5
0.14087 corresponds to the stability parameter b 5 0.1. Input
aperture diameter Di 5 0.4 z r0. Effective length Lz 5 200 peri-
ods. (A) Low frequency scan with a low excitation parameter q9 5
0.002. (B) Scan over a wider range of n at q9 5 0.025. (C) Scan
near the frequency n 5 1.0.
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nance n0
(2) is not seen at the frequency n 5 0.45. This
resonance appears when the parameter of excitation is
increased to q9 5 0.01, and under this condition the
structure of resonances near n 5 0 and n 5 1 is practi-
cally superimposed.
As a whole in comparison with the results of Figure
2, the intensity of the resonances is higher. This is
connected with the width of the ion oscillation spec-
trum [6]. When b has small values, the unperturbed
oscillation spectrum contains a strong low frequency
Vb/2 (m 5 0 in eq 1) mixed with a weak beat, formed
by harmonics V 2 Vb/2 and V 1 Vb/2 (m 5 61 in eq
1). The difference beat frequency Vb is twice that of the
low frequency oscillation and, as we can see from
Figure 2, the structure of the resonances is defined by
this value. For the case when b is close to 1, the ions
have two harmonics Vb/2 and V 2 Vb/2 with almost
equal amplitudes. These lead to a difference beat with
frequency (1 2 b)V. The low frequency vibrations are
absent, and the higher frequency harmonics have
smaller amplitudes and form a beat with the same
frequency. As we can see from Figure 3A, resonance
frequencies in this case are also determined by the beat
frequency. We may express the resonance condition for
low frequency region (n , 0.25) in the form
v 5 vb/K, K 5 1,2, . . . (15)
where vb is the beat frequency: vb 5 Vb, when b ’ 0
and vb 5 V(1 2 b) in the case b ’ 1. The resonance
appears when the period of excitation consists of sev-
eral beat periods. Resonance near the high frequency
nV appears when the difference frequency uv 2 nVu
satisfies eq 15. Resonance at other frequencies, for
example, resonance near 0.5V, is also possible but have
a higher threshold and require a significantly greater
excitation parameter q9.
The results of resonance curve computations for the
case when b 5 0.5 (q 5 0.63932) are shown in Figure
3B. This case is of interest because it corresponds to the
maximum acceptance. Oscillations with b 5 0.5 are
periodic with frequency 0.25V. The resonance curve
shown in Figure 3B reveals not only the first order
resonances n0
(1) and n1
(1) at frequencies n 5 0.5 and n 5
1.5 but also higher order resonances n0
(2) at n 5 0.25, n0
(3)
at n 5 0.167, n1
(2) at n 5 0.75, and n2
(2) at n 5 1.25. When
b 5 0.50, the resonances nn
(K) and n2(n11)
(K) coincide. For
example, n0
(1) 5 n21
(1) 5 0.5 and n1
(1) and n22
(1) 5 1.5.
Ion Motion at Resonance
In order to reveal the dynamics of ion motion under
resonant quadrupole excitation we have carried out the
numerical solution of eq 9. These calculations were
carried out with a rotating frame of reference, which is
achieved with the use of a linear periodic transforma-
tion [7]. In these coordinates the Mathieu equation is
reduced to the equation of harmonic oscillations with a
beat frequency. Two multistep difference methods were
used for numerical solution of the equation—Euler and
Runge–Kutta. The trajectory was considered to be de-
termined correctly if both methods gave the same
result, and if the same result was obtained when the
step size was decreased. For all of the trajectories shown
below, the initial phases of trapping rf and excitation
voltage are equal to zero, and the initial velocity of an
ion is n0 5 0. The vertical axes in figures 4–6 are in
arbitrary units, x(t)/x0. Trajectories under first order
resonance at frequency n 5 0.10 (b 5 0.1) are shown in
Figure 4. The frequency of oscillation does not change
under excitation and the amplitude of oscillation in-
creases smoothly and exponentially. The same behavior
can be seen in the case when b 5 0.1 under first order
resonance at the higher frequencies.
Figure 4B shows ion oscillations when b 5 0.9 under
first order excitation at n21
(1) . The beatlike nature of the
ion trajectory is evident but the amplitude of oscillation
still increases exponentially. With second and higher
order resonance there is a change in the character of the
motion. The oscillations at resonance n21
(K) up to fourth
order in the low frequency region are shown in Figure
5. At the second order resonance (Figure 5A) every
second period of beat becomes shorter, and every other
period longer and of greater amplitude. Overall the
amplitude of oscillation increases exponentially. Ion
motion with second order excitation at higher frequen-
cies such as n1
(2) at n 5 0.95 and n23
(2) at n 5 1.05 is
similar.
With third order resonant excitation, every third
Figure 3. Results of simulation of mass filter transmission for
ions with a stability parameter b 5 0.9 (A) and b 5 0.5 (B). The
input aperture diameter Di 5 0.1r0 and Lz 5 200 periods.
14 SUDAKOV ET AL. J Am Soc Mass Spectrom 2000, 11, 10–18
period of beat becomes longer and of greater amplitude
(Figure 5B). Similar results are seen for every fourth
period under fourth order resonance (Figure 5C). For
higher order excitation, the rate of increase of oscillation
amplitude decreases rapidly, when the excitation am-
plitude decreases.
The second order resonances near frequency n22
(2) 5
0.55 and n0
(2) 5 0.45 have a practical threshold with
excitation amplitude. When q9 5 0.02, the resonance is
observed in a rather wide range of frequencies from
0.41 until 0.45 with maximum intensity at 0.43. This is
slightly less than the theoretical n 5 0.45. When q9 is
decreased to q9 5 0.01, the range of resonance is nar-
rowed to the interval 0.446–0.448. With further de-
creases of q9 the frequency range of the resonance
becomes so narrow that it is not observed in Figure 3A.
The modification of the beat period length shown in
Figure 5 does not appear in this case. Exponential
amplitude growth takes place at resonance (Figure 6A)
and a general low frequency modulation of the beat
amplitude appears when off resonance (Figure 6B). The
beat is formed by harmonics of almost equal frequen-
cies that do not exist in the unperturbed spectrum of ion
oscillation. These harmonics are induced by the excita-
tion. This explains the threshold—the amplitude of the
excitation must be sufficient to induce harmonics that
will become unstable under the influence of the excita-
tion frequency.
The First Stability Region with
Quadrupole Excitation
The presence of the excitation voltage changes the
conditions of ion stability in a quadrupole field. Excita-
tion leads to dips in the stability diagram along the lines
of values of bx and by that satisfy the resonance
condition of eq 14. With a fixed value of excitation
frequency, n, we can calculate from eq 14 the values of
b, close to which resonance is observed:
bn
~K! 5 uK z n 2 nu, n 5 0, 61, 62, . . . , K 5 1,2, . . .
(16)
For the first stability region, 0 , b , 1. When the
excitation frequency is low, for example n 5 0.10, we
Figure 4. Ion trajectories in the presence of the first order
resonance (n 5 0.10). (A) Oscillations with stability parameter b 5
0.10. (B) Oscillations with b 5 0.90. The envelope is also shown.
Ion coordinates are in arbitrary units: x(t)/x0.
Figure 5. Ion trajectories with high order resonances in the low
frequency region with b 5 0.9. (A) Second order resonance near
n21
(2) 5 (1 2 b)/2 5 0.05. (B) Third order resonance near n21
(3) 5
(1 2 b)/3 5 0.0333. (C) Fourth order resonance near n21
(4) 5 (1 2
b)/4 5 0.025.
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calculate from eq 16 “resonance” values of b close to the
boundaries bx 5 1 and by 5 0:
by 5 Kn and bx 5 1 2 Kn (17)
The simulations (Figures 2A and 3A) show that it is
possible to observe resonances up to fourth order in the
low frequency region. Taking into account the resonant
dips in the stability diagram at lines given by eq 17 one
may construct the first stability region diagram in the
a 2 q plane as shown in Figure 7.
When the excitation frequency v is close to the
frequency of the trapping voltage V, fine structure on
the resonances is observed. It is also necessary to take
into account resonances on the stability diagram at lines
by 5 K z u1 2 nu and bx 5 1 2 K z u1 2 nu (18)
The stability diagram in this case looks similar to Figure
7.
Summary
Quadrupole excitation extends the means to control ion
motion in a radio frequency quadrupole field. How-
ever, it is necessary to take into account the structure of
the resonances. For example, in the process of ejecting
an unwanted ion from the confinement volume, an-
other group of ions may be ejected if they happen to
have a resonance which occurs at second or higher
order. The first stability region under the influence of
resonance action consists of a number of stable areas. It
would be of interest to extend these calculations to
higher regions of stability of the quadrupole mass filter.
It would also be of interest to study the use of higher
order quadrupole excitation for isolation and dissocia-
tion of trapped ions.
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Appendix: Perturbation Theory of
Quadrupole Resonance
We can calculate an approximate solution to eq 9 by
means of perturbation theory assuming q9 5 « 2 the
perturbation parameter. Let us express the solution of
eq 9 as
x~j! 5 x~0!~j! 1 «x~1!~j! 1 «2x~2!~j! 1 · · · (A1)
Substituting A1 into eq 7 we obtain the equations of
perturbation theory:
d2x~0!
dj2
1 ~a 2 2q cos 2j! x~0! 5 0
(A2)
d2x~k!
dj2
1 ~a 2 2q cos 2j! x~k! 5 2 cos~2nj 1 a! x~k21!
The initial conditions for ion with initial position x0 and
initial velocity v0 in system A2 are
Figure 6. Form of the oscillations under second order resonance
near the frequency n0
(2) 5 b/2 5 0.45 with b 5 0.9. (A) In reso-
nance. (B) Out of resonance.
Figure 7. Schematic diagram of the first stability zone of a mass
filter under the influence of a quadrupole excitation signal with
frequency v 5 0.1V. Resonances up to fourth order are included.
Dark regions are stable.
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x~0!(0) 5 x0;
dx~0!
dj
~0! 5 v0; x
~k!~0! 5
dx~k!
dj
~0! 5 0,
k . 0 (A3)
According to eq A2, x(0) is the solution of the Mathieu
equation. It can be expressed by Mathieu functions uC
and uS as follows:
x~0!~j! 5 A z uC~j! 1 B z uS~j!
5 O
n52‘
‘
C2n
00 cos@~2n 1 b!j 1 g2n
00# (A4)
uC~j! 5 O
n52‘
‘
C2n cos~2n 1 b!j
uS~j! 5 O
n52‘
‘
C2n sin~2n 1 b!j (A5)
Values of A and B or C2n
00 and g2n
00 are defined by the
initial conditions.
The solution of eq A2 for k . 0 may be achieved by
the Lagrange method:
x~k11!~j! 5 a~j!uC~j! 1 b~j!uS~j!
dx(k11)
dj
5 a~j!
duC
dj
1 b~j!
duS
dj
(A6)
From eqs A5 and A2 we get equations for a(j) and
b(j):
uC
da
dj
1 uS
db
dj
5 0
u9C
da
dj
1 u9S
db
dj
5 2 cos~2nj 1 a! z x~k!
(A7)
System A7 may be expressed as
da
dj
5 22
uS
W
cos~2nj 1 a! z x~k!
db
dj
5 12
uC
W
cos~2nj 1 a! z x~k!
W 5 U uC uSu9C u9S U
(A8)
Here W 5 constant and is the Wronskian of the Mathieu
equation. According to eq A8 the solution of the per-
turbation series may be expressed as follows (we take
a 5 0 for simplicity):
x~k11!~j! 5 2uC~j! E
0
j uS~t!
W
2 cos~2nt! x~k!~t! dt
1 uS~j! E
0
j uC~t!
W
2 cos~2nt! x~k!~t! dt
5
2
W E
0
j
@uC~t!uS~j! 2 uS~t!uC~j!#
z cos~2nt! z x~k!~t! dt (A9)
Substitution of eq A5 into eq A9 gives us a solution
expressed in a Fourier series
x~k11!~j! 5 2
2
W On1,n2 C2n1C2n2 E0
j
sin@2~n1t 2 n2j!
1 b~t 2 j!# z cos~2nt! z x~k!~t! dt (A10)
Let us consider the solution in the first order of
perturbation theory:
x~1!~j! 5 2
2
W On1,n2 C2n1C2n2 E0
j
sin@2~n1t 2 n2j!
1 b~t 2 j!# z cos~2vt! 3 O
n3
C2n3
00
z cos@~2n3 1 b!t 1 g2n3
00 #dt (A11)
When one of the harmonics in the infinite sum of eq A11
does not depend on t, integration gives a value increas-
ing linearly in j. This corresponds to the beginning
stage of a resonance. From eq A11 one can calculate the
resonance condition as follows:
2n 5 6~2n1 1 b! 6 ~2n3 1 b! (A12)
This leads to eq 11 for the resonance frequencies in the
first order of perturbation theory.
Let us assume that resonance does not appear in the
first order. Then none of the harmonics in eq A11 satisfy
eq A12 and integration will give the following:
x~1!~j! 5 O
n52‘
‘
$C2n
10 cos@~2n 1 b!j 1 g2n
10#
1 C2n
11 cos@~2n 1 b 1 2n!j 1 g2n
11#
1 D2n
11 cos@~2n 1 b 2 2n!j 1 d2n
11#% (A13)
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The coefficients C, D, g, and d can be expressed as
infinite sum via eqs A10 and A4 or may be calculated
according to the techniques of [4]. Substituting A13 into
10 one can achieve the solution of the second order
x~2!~j! 5 2
2
W On1,n2 C2n1C2n2 E0
j
sin@2~n1t 2 n2j!
1 b~t 2 j!# z cos~2nt!
3 O
n3
$C2n3
10 cos@~2n3 1 b!t 1 g2n3
10 #
1 C2n3
11 cos@~2n3 1 b 1 2n!t 1 g2n3
11 #
1 D2n3
11 cos@~2n3 1 b 2 2n!t 1 d2n3
11 #% dt
(A14)
Once more, when one of the harmonics in the infinite
sum A14 does not depend on t, integration gives a
value increasing linearly in j. This corresponds to
resonance in the second order. Taking into account that
eq A12 in this case does not apply, we find the reso-
nance conditions in the second order to be
4n 5 6~2n1 1 b! 6 ~2n3 1 b! (A15)
This leads to eq 13 of the article.
When the resonance conditions of first and second
order are not satisfied, then the integration in eq A14
will give the solution of the second order in the form of
eq A13 with additional harmonics of frequencies
(2n1b64n) and so on.
In this method perturbation theory can be used to
calculate the resonance conditions and to describe the
initial stage of excitation, when the amplitude of oscil-
lation grows linearly with j. Actual parametric reso-
nances appear in a band of frequencies, and the law of
amplitude growth is exponential. Thus a quantitative
theory of resonance must be achieved by other means.
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